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A b s t r a c t  
Axisynrmetric e q u i l i b r i u m  shapes  of c o n d u c t i n g d r o p s  and bubbles ,  (1) pendant  o r  sessile 
on one f a c e  of a c i r c u l a r  p a r a l l e l - p l a t e  c a p a c i t o r  o r  (2 )  f r e e  and surface-charged,  a r e  
found by s o l v i n g  s imul taneous ly  ;he free-boundary problem c o n s i s t i n g  of  t h e  augmented Young- 
Laplace e a u a t i o n  f o r  s u r f a c e  shape  and t h e  Laplace e q u a t i o n  f o r  c l a c t r o s t a t i c  f i e l d ,  g i v e n  
t h e  s u r f a c e  p o t e n t i a l .  The problem is  n o n l i n e a r  and t h e  method is  a  f i n i t e  e lement  a lgo-  
r i t h m  emplol*ing Newton i t e r a t i o n ,  a  modif ied f r o n t a l  s o l v e r ,  3nd t r i a n g u l a r  as w e l l  a s  
q u a d r i l a t e r a l  t e s s e l l a t i o n s  o f  t h e  domain e x t e r i o r  t o  t h e  d r o p  i n  o r d e r  t o  f a c i l i t a t e  re- 
f i n e d  a n a l y s i s  of  s h a r p l y  curved d r o p  t i p s  seen  i n  exper iments .  The s t a b i l i t y  l i m i t  pre-  
d i c t e d  ;y t h i s  compute:-aided theoretical a n a l y s i s  a g r e e s  w e l l  w i t h  exper iments  of  Wilson 
and Taylor  (1925) .  The i n s t a b i l i t y  and mechanism of  charged d r o p l e t  e j e c t i o n  are under 
t h e o r e t i c a l  and exper imental  s tudy .  
The shape of a  conduct ing f l u i d  in t -z i face  is  a f f e c t e d  by mobi le  s u r f a c e  charge .  The d i s -  
t r i b u t i u n  of  mobile f r e e ,  s w f a c e  charge  i s  a f f e c t e d  i n  t u r c  by t h e  shape of  t h e  i n t e r -  
f ace .  A t  e q u i l i b r i ~  - charge  d i s t r i b u t e s  t o  make uniform t h e  p o t e n t i a l  o f  che i n t e r f a c e .  
But s u r f a c e  charge  c i e a ~ e s  an e l e c t r i c a l  p r e s s u r e  t h a t  competes w i t h  c a p i l l a r y  p r e s s u r e  
( t h e  r e s u l t a n t  of s u r f a c e  t e n s i o n  i n  a  curved i n t e r f a c e )  and h y d r o s t a t i c  p r e s s u r e  t o  c o n t r o l  
t h e  shape.  
Only c y l i n d r i c a l  and s p h e r i c a l  e q u i l i b r i u m  d r o p s  have y i e l d e d  t o  c l a s s i c a l  a n a l y s i s  
(Rayl-.igh 1882, Basse t  1894, Tay lor  1969, Michael and O ' N e i l l  1972) .  Shapes t h a t  d e p a r t  
from s tandard  c o o r d i n a t e  s u r f a c e s  can  be analyzed by modern computer-aided mathematics w i t h  
f i n i t e  element b a s i r  f u n c t i o n s  ( C i f f o r d  1 9 7 9 ) .  
Observat ions  of electrifies d r o p s  and bubbles  s t a n d  i n  need of  = c u r a t e  : r e t i c a l  a n a l -  
y s i s  of siiapes and s t a b i l i t y .  F r e e  3rops  were s t u d i e d  by Nolan 1926, Macky 1 ~ ~ 1 ,  Doyle,  
Moffe t t  and Vonnegut i964 ,  ar:d o t h e r s ;  supported d r o p s ,  by Zeleny 1914, 1917, Wilson and 
Tay lc r  1925, Macky 1930, Krohn 1974, and o t h e r s .  The r e s u l t s  of  a n a l y s i s  w i l l  p e r t a i n  t o  
such f i e l d s  a s  s p r a y  g e n e r a t i m  i n  technology and c loud  p h y s i c s  i n  s c i e n c e .  
2 .  Observat ions  o f  charged s e s s i l e  soap-bubbles 
A soap-bubble s i t t i n g  on t h e  lower, we t ted  p l a t e  of  a c i r c u l a r  p a r a l l e l - p l a t e  c a p a c i t o r  
appears  hemispher ica l  i n  t h e  absence of  f i e l d .  A s  t h e  f i e l d  s t r e n g t h  is  r a i s e d  t h e  bubble  
e l o n g a t e s  a long t h e  f i e l d  d i r e c t i o n .  Because t h e  p l a t e  is wet ted  t h e  c i r c u l a r  c o n t a c t  l i n e  
s l i d e s  f r e e l y  and t h e  c o n t a c t  a n g l e  remains  approximately  90°. The p r o l a t e  shape sequence 
seen a t  f i e l d  s t r e n g t h s  up t o  a  c r i t i c a l  v a l u e  is  a  fami ly  o f  s t a b l c  e q u i l i b r i u m  shapes:  
f o u r  members a r e  shown i n  F ig .  1. Computer-aidcd t h e o r e t i c a l  a n a l y s i s  is  used t o  t r a c k  
t h i s  shape fami ly  i n  s e c t i o n  6 .  
I r lcreas ing t h e  f i e l d  s t r e n g t h  even s l i g h t l y  beyond t h e  c r i t i c a l  v a l u e  l e a d s  t o  a dynamic 
success ion.  The and of t h e  bubble r a p i d l y  narrows and becomes c o n i c a l .  F i l aments  a r e  sub- 
sequen t ly  e j e c t e d  from t h e  end of t h e  bubble ,  t h i s  s ~ i t t i n g  be ine  accompanied by i n t e n s e  
v i b r d t i o n s  of  t h e  t i p .  Such o b s e r v a t i o n s  were o r i g i n a l l y  r e p o r t e d  by Wilson and Tay lor  
(1925) and Zlacky (1930) .  
3. S ta tement  of  t h e  two c a s e s  analyzed 
The two s i t u a t i o n s  t r e a t e d  h e r e  a r e  r'own i n  F ig .  2: 
Case 1. 
Axisymmetric d rop  o r  bubble s e s s i l e  (pendant)  c n  one f a c e  of a c i r c u l a r  p a r a l l e l - p l a t e  
c a p a c i t o r  (F ig .  2a) . 
Case :. 
Free surface-charged d r o p  i n  absence of a n  e x t e r n a l  imposed f i e l d  (F ig .  2b) .  
4. Governing d imens ion less  group,?, e q u a t i o n s  and b o s a r y  c o n d i t i o n s  
The r e l e v a n t  d imens ion less  ., sups  a r e  compiied i n  Table  1. Tn t h e  c a s e  o f  t h e  f r e e  
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d r o p s  we choose t o  wcrk w i t h  t h e  p o t e n t i a l  a t  t h e  d r o p  s u r f a c e  r e l a t i v e  t o  " i n f i n i t y "  i n -  
s t e a d  of s p e c i f y i n g  t h e  charge  Qn t h e  drop.  The two a l t e r n a t i v e s  a r e  of c o u r s e  f u l l y  equiv-  
a l e n t .  
The governing e q u a t i o n s  of  e l e c t r o s t a t i c s  and c a p i l l a r y  h y d r o s t a t i c s  and boundary condi-  
t i o n s  a r e  summarized i n  F i g s .  3 and 4 .  U is of  c o u r s e  t h e  e l e c t r o s t a t i c  potential. I n  
t h e  normal stress b a l a n c e s  a t  t h e  i n t e r f a c e s  2H is twice t h e  d imens ion less  mean c u r v a t u r e ,  
a n o n l i n e a r  f u n c t i o n  o f  f i r s t  a r ~ d  second d e r i v a t i v e s  of t h e  d r o p  p r o f i l e s ;  K is a r e f e r e n c e  
p r e s s u r e ,  E' r e p r e s e n t s  t h e  e l e c t r i c a l  p r e s s u r e  c r e a t e d  by s u r f a c e  charge ,  and 4 Gz is t h e  
h y d r o s t a t i c  p r e s s u r e  c r e a t e d  by a g r a v i t a t i o n a l  f i e l d  (supposed a b s e n t  i n  Case 2 ) .  
5. Computer-aided a n a l y s i s  
T h e o r e t i c a l  computat ion of  d r o p  shape r e q u i r e s  s o l v i n g  a system made n o n l i n e a r  by t h e  
f r e e  boundary and by t h e  c u r v a t u r e  and electrical p r e s s u r e  i n  t h e  augmented Young-Laplace 
equa t ion .  The procedure  is: 
(i) Es t imate  d r o p  shape and e l e c t r o s t a t i c  p o t e n t i a l  from e i t h e r  a n  a n a l y s i s  of l i m i t i n g  
c a s e  o r  exper i i i en ta l  o b s e r v a t i o n .  
(ii! P a r t i t i o n ,  o r  tessellate, t h e  one-dimensio1t;rl domain (d rop  p r o f i l e )  i n t o  c u r v e  
segments and t h e  two-dimensional domain (surrounding space)  i n t o  q u a d r i l a t e r a l s  
between s p i n e s  0 = c o n s t a n t  ( c f .  Kistler 1981) a s  i n d i c a t e d  jn F ig .  5. 
(iii) I n  t h e  2-D domain c o n s t r u c t  f i n i t e  element b a s i s  f u n c t i o n s  ( r , B )  f o r  t h e  sub- 
domain around each node: 
- choose t h e  b i q u a d r a t i c  polynomial on t h e  ( ~ , q )  - u n i t  squaxz; 
- map each q u a d r i l a t e r a l  i s o p a r a m e t r i c a l l y  o n t o  t h e  u n i t  s q u a r e . ( F i g .  6 ) .  
( i v )  I n  t h e  1-D domain e x p l o i t  t h e  f a c t  t h a t  . the  1 - D  b a s i s  f u n c t i o n s  ( 0 )  when 
mapped i s o p a r a m e t r i c a l l y . o n t o  0 < E <_ 1 are simply and v e r y  c o n v e n i e n t l y  t h e  i so -  
p a r a m e t r i c a l l y  mapped Y l  ( ~ , q  = 0) ( c f .  Kistler 1981) .  
(v )  Approximate t h e  i n t e r f a c e  shape a s  
M i f ( O ) =  Z q i 4  [ @ ( € ) I  
i= 1 
and t h e  p o t e n t i a l  a s  
N 
( v i )  Form G a l e r k i n  weighted r e s i d u a l s  and r e q u i r e  them t o  v a n i s h  
( v i i )  Solve t h e  r e s u l t i n g  N + M + 1 n o n l i n e a r  a l g e b r a i c  eclsa t ions  f o r  t h e  unknown 
c o e f f i c i e n t s  (qi ,  U . ,  K) by Newton i t e r a t i o n :  
- d e r i v a t i v e s  w i t h  r e s p e c t  t o  q i 6 s  a r e  c a l c u l a t e d  by ganging nodes a long  
s p i n e s ;  
- t h e  domain i s  updated a t  each i t e r a t i o n :  
- convergence approaches  q u a d r a t i c  rste; 
- t h e  Zacobian is v a l u a h l e  f o r  c o n t i n u a t i o n  i.1 t h e  pa ramete r s  and e v a l u a t i o n  
of  s t a b ~ l i t y .  
( v i i i )  Modify t h e  f r o n t a l  s o l v e r  ( I r o n s  1970, Hood 1976, 1977) t o  hand le  t h e  c o n s t r a i n t  
of f i x e d  volume and u s e  it f o r  t h e  l i n e a r  e q u a t i o n  set i n  Newton i t e r a t i o n .  
- The presence  of a f r e e  boundary makes t h e  f r o n t a l  s o l v e r  c o s t - e f f e c t i v e .  
( i x )  ' - n i n a t e  i t e r a t i o n  when t h e  norm of t h e  l a r g e s t  component o f  c o r r e c t i o n  v e c t o r  
i s  s u f f i c i e n t l y  smal l .  
(x) Change t h e  parameter  ( t y p i c a i l y  E, o r  U o ) ,  e s t i m a t e  a s l ~ a p e  by c o n t i n u a t i o n  and 
begin anew. 
- P r e f e r  t h e  s e c a n t  v e r s i o n  of f i r s t - o r d e r  c o n t i n u a t i o n  because it i s  e a s i e r  
t o  u s e  t h a n  t h e  t a n g e n t  v e r s i c n  and it m a i n t a i n s  near -quadra t i c  convergence '  
wi th  b i g g e r  parameter changes than  does  ze ro th -order  c o n t i n u a t i o n .  
( x i )  Concentrate  cornputationa? power where needed: 
- r e f i n e  t h e  t e s s e l l a t i o n  i n  r e g i o n s  of  s h a r p  g r a d i e n t s ;  
- d e r i v e  Robin boundary c o n d i t i o n  t o  account  f o r  a sympto t i c  f a r  f i e l d  behavior  
and thernby s h r i n k  t h e  computat ional  domain. 
An example of t h e  l a s t  p o i n t  is shown i n  F ig .  7:  a f i n i t e  element mesh of  t r i a n g l e s  and 
r e c t a n g l e s  which proved computa t iona l ly  e f f i c i e n t .  
6 .  R e s u l t s  
C a l c u l a t i o n s  were programmed i n  FORTRAN and made on t h e  C o n t r o l  Data Corpora t ion  CYBER 74 
a t  t h e  U n i v e r s i t y  of  Minnesota. 3 s e c / i t e r a t i o n  was t y p i c a l  f o r  N + M + 1 = 183 unknowns 
and 2 -  4 i t e r a b i o n s  were r e q u i r e d  t o  convexge. 
Case I.  Resu l t8  fop axieymmetr ic  eupported  bubble (S = 01 
F i n i t e  element c a l c u l a t i o n s  f o r  a bubble meeting one of t h e  c a p a c i t o r  p l a t e s  a t  a f i x e d  
c o n t a c t  a n g l e  of 90° s i m u l a t e  t h e o r e t i c a l l y  exper iments  w i t h  e l e c t r i f i e d  soap-bubbles 
d e s c r i b e d  i n  s e c t i o n  2 ( c f .  Wilson and Taylor  1925 and Macky 1930) .  Moreover, i f  t h e  
spacing between t h e  p l a t e s  is  much l a r g e r  than  t h e  bubble r a d i u s ,  bo th  experiment and the-  
o r y  model a d r o p  f r e e l y  f l o a t i n g  i n  a uniform a p p l i e d  electric f i e l d  i n  t h e  absence o f  
g r a v i t y .  Drop shapes  and e q u i p o t e n t i a l s  f o r  a bubble of volume 2n/3 a r e  p l o t t e d  a s  func- 
t i o n  o f  t h e  p a r a l l e l - p l a t e  electric f i e l d  Ee i n  Fig.  8 ,  which shows t h a t  bubble p r o f i l e s  
a r e  p r o l a t e  i n  t h e  f i e l d  d i r e c t i o n .  Th is  t h e o r e t i c a l  a n a l y s i s  us ing  f i n i t e  element b a s i s  
f u n c t i o n s  can be made a s  a c c u r a t e  a s  t h e  computer a l l o w s  and it a l r e a d y  confi rms T a y l o r ' s  
(1964 ) s p h e r o i d a l  approximation. 
R e s u l t s  f o r  a bnbble o f  volume 2n/3 w i t h  i t s  c o n t a c t  l i n e  f i x e d  a r e  p l o t t e d  i n  Fig.  9. 
The t h e o r e t i c a l  a n a l y s i s  p r e d i c t s  t h a t  bubble shape t e n d s  toward c o n i c a l .  
Fami l ies  of d r o p s  o f  volume 2r/3 w i t h  e i t h e r  t h e  c o n t a c t  l i n e  f i x e d  o r  t h e  c o n t a c t  a n g l e  
p r e s c r i b e d  a r e  p l o t t f d  i n  parameter space  i n  F ig .  10. I n  bo th  c a s e s  t h e  fami ly  l o s e s  
s t a b i l i t y  a t  a t u r  ,ng p o i n t ,  bubbles  w i t h  c o n t a c t  l i n e  f i x e d  being t h e  more s t a b l e  o f  t h e  
t w o .  The s t a b i l i t y  l i m i t  p r e d i c t e d  f o r  t h e  f i x e d  c o n t a c t  a n g l e  c a s e  by t h i s  computer- 
a ided  t h e o r e t i c a l  a n a l y s i s  is  w i t h i n  39 of  t h e  v a l u e  0.321 ob ta ined  e x p e r b e n t a l l y  by 
Wilson and Taylor (1: 2 5 ) .  
Aspect r a t i o  a s  f u n c t i o n  o f  p a r a l l e l - p l a t e  electric f i e l d  E, is p l o t t e d  i n  F ig .  11. 
When c o n t a c t  a n g l e  is f i x e d  t h e  c r i t i c a l  bubble is e longa ted  1.82/1.37 t imes  as much a s  
one w i t h  c o n t a c t  l i n e  f ixed .  
How s u r f a c e  charge  d i s t r i b u t e s  on supported bubbles  is p l o t t e d  i n  Fig.  12. The o r d i n a t e  
is t h e  r a t i o  o f  l o c a l  s u r f a c e  charge  d e n s i t y  on ;he b ~ b b l e  t o  charge  d e n s i t y  o n  t h e  p l a t e  
f a r  from t h e  bubble. Because e l e c t r i c a l  p r e s s u r e s  goes  a s  t h e  s q u a r e  o f  charge  d e n s i t y ,  
e l e c t r i c a l  p r e s s u r e  a t  t h e  bubble t i p  a t t a i n s  v a l u e s  from 40 t o  50 times a s  l a r g e  a s  t h a t  
between two p a r a l l e l - p l a t e s  f o r  t h e  l a r g e r  of t h e  two v o l t a g e s  shown. 
Case 2. R e s u l t s  f o r  azisymmstr ic  f r e e  surface-chargsa drop 
Though t h e  sphere  is a n  e q u i l i b r i u m  shape a t  a l l  v a l u e s  of charge  q it was shown by 
Lord Rayleigh (1882; see a l s o  Hendricks and Schneider  1962) t h a t  a sphere  o f  r a d i u s  R 
is u n s t a b l e  t o  ar.17 p e r t u r b a t i o n  p r o p o r t i o n a l  t o  t h e  Legendre polynomial of o r d e r  n , 
Pn (COS tl ) ,  i f  t h e  charge  exceeds 
o r ,  i n  d imens ion less  form, 
I n s t a b i l i t y  f i r s t  appears  f o r  t h e  n = 2 mode, i.e. t h e  second s p h e r i c a l  harmonic, and 
t h e  c r i t e r i a  Q = 4 n a  o r  Uo = a a r e  known a s  t h e  Rayleigh l i m i t .  The f i n i t e  element 
a n a l y s i s  p r e d i c t s  t h e  f i r s t  i n s t a b i l i t y  t o  occur  a t  Uo = 1.42 , which is i n  good agree-  
ment with  t h e  v a l u e  ,'T, and t o  correspond t o  b i f u r c a t i o n  from t h e  t r u n k  fami ly  o f  spheres  
(F ig .  1 3 ) .  The t h e o r e t i c a l  a n a l y s i s  a l s o  r e v e a l s  t h a t  b i f u r c a t i o n  a t  t h e  Rayleigh l i m i t  
is s u b c r i t i c a l ,  the reby  confi rming T a y l o r ' s  (1964) surmise from h i s  s p h e r o i d a l  approxima- 
;ion. A secondary b i f u r c a t i o n  is found a t  Uo = 1.40 along t h i s  branch fami ly  o f  p r o l a t e  
shapes.  ~'he t t  s o r e t i c a l  a n a l y s i s  a c c u r a t e l y  p r e d i c t s  t h e  b i f u r c a t i o n  p o i n t s  o f  t h e  h igher  
modes, bu t  t h e s e  a r e  n o t  shown i n  Fig.  13.  
7 .  Concluding Remarks 
Charge r e p u l s i o n  can overcome t h e  a t t r a c t i v e - l i k e  a c t i o n  of s u r f a c e  t e n s i o n  and when it 
does it l i m i t s  t h e  s u r f a c e  charge  t h a t  c s n  be s t a b l y  c a r r i e d  by a f l u i d  i n t e r f a c e :  a t  
t h e  l i m i t i n g  charge  d e n s i t y  t h e  i n t e r f a c e  becomes u n s t a b l e .  
Cnnputer-aided a n a l y s i s  w i t h  f i n i t e  element b a s i s  f u n c t i o n s  can handle  r e l a t i v e l y  com- 
p l i c a t e d  e q u i l i b r i u m  p r o f i l e s  of e l e c t r i f i e d  drops.  Tt.s f i n i t e  element a lgor i thm developed 
h e r e  is n o t  l i m i t e d  i n  i t s  app1icab:li ty i n  c o n t r a s t  tc t h e  method o f  Borzabadi and Ba i ley  
(19781, who cal-<. :  , l t ed  p r o f i l e s  of d rops  hanging from a t u b e  connected t o  a h igh  v o l t a g e  
source.  
Addi t iona l  - e s u l t s  w i l l  be  repor ted  e lsewhere.  With t h e  f low f i e l d  i n s i d e  t h e  d r o p  
accounted f o r ,  t h e  methods developed h e r e  and c e r t a i n  o t h e r s  should make i t  p o s s i b l e  t o  
ana lyze  t h e  dynamic success ion  i n  u n s t a b l e  d rops  and se t t le  t h e  long-s tanding q d e s t i o n  
of how charged drops  break up. 
The authors would like to thank X. A. Pmundson for assisting with the construction of 
the parallel-plate capacitor an6 taking the photographs, ant? R. E. Benner, N. E. Bixler 
and S. F. Kistler for extensive discussion and valuable insights into finite element anal' 
ysis of free boundary problems. This research was supported by NASA Fund for Independent 
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TABLE 1 
G o v e r ~ i n g  dimensionless  groups 
~ A ~ L O R  CQC ~ l ~ ~ e r t  
Figure 1. Observations o f  a charged sessile soap-bubble. 
Figure 2 .  (a )  Axisynunetric drop or  bubble s e s s i l e  (pendant) on one f a c e  o f  a c i r c u l a r  
p a r a l l e l - p l a t e  capac i tor ;  (b) f r e e  surface-charged drop (no appl ied f i e l d ) .  
r, I AUGUENTED V W N G  L A P U C E  E0UATK)N I 
u - y  L- L - A  
Figure 3 .  Governing equarions and boundary condi t ions  (Case 1) . 
Figure 4 .  Governing equations and boundary condi t ions  (Case 2 ) .  
Figure 5 .  Spherical coordinate  r,+w 6 U. I ~ ~ ~ I , I C  L:F- .I ",.I d b  I. .IU. -I- II-IW , 
representat ion.  .I=% l l t lm  1 ~ ~ 1 )  
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UKUTKm ON STABLE WtAKH . S 0 I . M  ON STABLE BRANCH 
.WKUTKmAllURIIMPOm SOWNON ON UNSTABLE BRANCH 
Figure 8 .  Drop shapes and equipotentials for fixed contact 
angle ( 9 0 ° )  case. 
. ON STABLE OW STABLE 
Figure 9. Drop shapes and equipotentials for fixed contact 
line case. 
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BLACK AND WHiTE PHOTOGRWH 
MRMlN+UlE N C l R E  FKU. E,= WP f PMUlEL.)LlTE ELECTRIC FIELD, E, = (*)"# 
Figure 10.  So lut ion  f a m i l i e s  i n  parameter Figure 11.  Aspect r a t i o  a/b a s  a funct ion  
space f o r  axisymmetric sup- o f  p a r a l l e l - p l a t e  e l e c t r i c  
ported bubble ( G  = 0 ) .  f i e l d  E , .
75 - 1 23 imnmz> 
30.0 60.0 coo 
0 
Figure 12. Dis tr ibut ion  o f  surface  charge on s e s s i l e  bubbles.  
Figure 1 3 .  a i f u r c a t i o n  diagram 1.n parameter space f o r  f r e e  surface-  
charged drop (no e x t e r n a l l y  appl ied f i e l d ) .  
